DILATION PROPERTIES FOR WEIGHTED MODULATION 

SPACES 



ELENA CORDERO AND KASSO A. OKOUDJOU* 

Abstract. In this paper we give a sharp estimate on the norm of the scaling 
^vq \ operator U\f(x) — f(Xx) acting on the weighted modulation spaces A^^(R d ). In 

. particular, we recover and extend recent results by Sugimoto and Tomita in the 

unweighted case [14J. As an application of our results, we estimate the growth in 
time of solutions of the wave and vibrating plate equations, which is of interest 
when considering the well posedeness of the Cauchy problem for these equations. 
Finally, we provide new embedding results between modulation and Besov spaces. 
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1. Introduction 



< 

The modulation spaces were introduced by H. Feichtinger [7], by imposing inte- 
grability conditions on the short-time Fourier transform (STFT) of tempered distri- 
butions. More specifically, for x, co G M. d , we let M w and T x denote the operators of 
modulation and translation. Then, the STFT of / with respect to a nonzero window 
g in the Schwartz class is 

<N ' V 9 f(x, co) = (f, MJF x g) = [ f(t)g(t - x)e~ 2 ^ dt. 

O ' ^K 2d 

V g f(x,u) measures the frequency content of / in a neighborhood of x. 

For Si,s 2 G R and 1 < p, q < oo, the weighted modulation space Ai^f S2 (M? d ) is 
defined to be the Banach space of all tempered distributions / such that 

(1.1) \\f\\ M ™ S2 = (J (J IW.w)l , «n(a) ? <fe)"^H , <i«') h < oo. 



X 

Here and in the sequel, we use the notation 



v s {x) =< x > s = (1 + |a;| 2 ) s/2 . 

The definition of modulation space is independent of the choice of the window g, in 
the sense that different window functions yield equivalent modulation-space norms. 
Furthermore, the dual of a modulation space is also a modulation space: if p < 
oo, q < oo, (.Mff)' = M^f-u where p',q' denote the dual exponents of p and q, 
respectively. 
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When both s = t = 0, we will simply write Ai v,q = -Mq'o- The weighted L 2 S 
space is exactly A^q, while an application of Plancherel's identity shows that the 
Sobolev space coincides with A4q 1- F° r further properties and uses of modulation 
spaces, see Grochenig's book [9], and we refer to [UJ for equivalent definitions of the 
modulation spaces for all < p, q < oo. 

The modulation spaces appeared in recent years in various areas of mathematics 
and engineering. Their relationship with other function spaces have been investigated 
and resulted in embedding results of modulation spaces into other function spaces 
such as the Besov and Sobolev spaces [TO] [HI [15] . Sugimoto and Tomita [TJ] proved 
the optimality of certain of the embeddings of modulation spaces into Besov space 
obtained in [10], [15] . These results were obtained as consequence to optimal bounds 
of \\U\\\mp-i^mp'1 [H Theorem 3.1], where U\f(-) = /(A-) for A > 0. 

The operator U\ has been investigated on many other function spaces including the 
Besov spaces. For purpose of comparison with our results we include the following 
results summarizing the behavior of U\ on the Besov spaces [121 Proposition 3]: 

Theorem 1.1. For A G (0, oo), sGR, 

(1.2) C- l \-t min{l,A s }|| f\\&« < \\h\\ B P„ < CX-i max{l, A s }||/||^. 

The estimate on the norm of U\ on the (unweighted) modulation spaces Ai p,9 (M. d ) 
was first obtained by Sugimoto and Tomita [H]. In this paper, we shall derive optimal 
lower and upper bounds for the operator U\ on general modulation spaces M.™ (K d ). 
More specifically, the boundedness of U\ on M.™ is proved in Theorems 13.11 13.21 
and I3.4[ and the optimal bounds on ||t/A||.M p ' 9 -s..M p ' 9 are established by Theorems 
14.121 and 14.131 We wish to point out that it is not trivial to prove sharp bounds on 
the norm of the operator U\, as one has to construct examples of functions in the 
modulation spaces that achieve the desired optimal estimates. We construct such 
examples by exploiting the properties of Gabor frames generated by the Gaussian 
window. It is likely that the functions that we construct can play some role in other 
areas of analysis where the modulation are used, e.,g., time-frequency analysis of 
pseudodifferential operators and PDEs. 

Interesting applications concern Strichartz estimates for dispersive equations such 
as the wave equation and the vibrating plate equation on Wiener amalgam and 
modulation spaces, where the time parameter of the Fourier multiplier symbol is 
considered as scaling factor. We plan to investigate such applications in a subsequent 
paper. 

Finally, we prove new embeddings between modulation spaces and Besov spaces, 
generalizing some of the results of JTU]. Although strictly speaking this is not an 
application of the above dilation results, it is clearly in the spirit of the main topic 
of the present paper, so that we devote a short subsection to the problem. 

Our paper is organized as follows. In Section [2] we set up the notation and prove 
some preliminary results needed to establish our theorems. In Section [3] we prove the 
complete scaling of weighted modulation spaces. In Section H] the sharpness of our 
results are proved, and in Section [5] we point out the applications of our main results. 
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Finally, we shall use the notations A < B to mean that there exists a constant 
c > such that A < cB, and A x B means that A < B < A. 

2. Preliminary 

We shall use the set and index terminology of the paper [13]. Namely, for 1 < p < 
oo, let]/ be the conjugate exponent of p (l/p+l/p' = 1). For (l/p, l/q) G [0, 1] x [0, 1], 
we define the subsets 



Ii = max(l/p, l/p') < l/q, 
J 2 = max(l/g,l/2)<l/p', 
h = max(l/g, 1/2) < l/p, 
These sets are displayed in Figure 1: 



II = min(l/p, l/p') > l/q, 
P 2 =mm(l/q,l/2)>l/p', 
7* = min(l/g, 1/2) > l/p. 




1 l/p 




1 l/p 



< A < 1 A > 1 

Figure 1. The index sets. 




We introduce the indices: 
and 

(-l/p 

/^0,g) = < l/q- 1 
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Next, we prove a lemma that will be used throughout this paper, and which allows 
us to investigate the action of U\ only on iS(M d ). 
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Lemma 2.1. Letm be a polynomial growing weight function, Abe a linear continuous 
operator from S' (W 1 ) to S'(M. d ). Assume that 

(2.1) \\Af\\ M ™ < C\\f\\ M ™, for all f G S(R d ). 
Then 

(2.2) WWMf* < CMWjw, for all f G M™(R d ). 

Proof. The conclusion is clear if p, q < oo, because in that case S(R d ) is dense m 
M™(R d ). 

Consider now the case p = oo or q = oo. For any given / G -M^ 9 , consider a 
sequence f n of Schwartz functions, with f n — > f in S'(M. d ), and 

(2-3) \\fn\\ M ™ £ II/IIm^ 

(see the proof of Proposition 11.3.4 of [9]). Since f n tends to / in iS'(IR d ), Af n tends 
to Af in iS'(lR d ), and V^Afn tends to V^Af pointwise. Hence, by Fatou's Lemma, 
the assumption (12.11) and (12. 3p . 

114/11 AC« ^ limillf II4/Vi|Im*« £ liminf \\fn\\M™ % \\f\\M™- 

n— »-oo n— ^oo 

□ 

We shall also make use of the following characterization of the modulation spaces 
by Gabor frames generated by the Gaussian function, which will be denoted through 
the paper by ip(x) = e _?r ' x ' , x G M. d . Recall that for < a < 1, the family, 

g{cp, a, 1) = {^(.) = .\l,T„, r - = e 27Tie -<p(- -ak),kjE Z d } 

is a Gabor frame for L 2 (M. d ) if and only if there exist < A < B < oo such that for 
all / G L? we have 

(2-4) A\\f\\\ 2 < \(f^ k ,e)\ 2 <B\\f\\l 2 . 

k,e&z d 

Moreover, there exists a dual function ^65 such that Q{(p, a, 1) is also a frame for 
L 2 and every / G L 2 can be written as 

(2-5) /= ^ (f,<fk,e)<fk,i = ^ (f,<Pkj)<Pkj- 

k,e&z d k,e&z d 

It is easy to see from the isometry of the Fourier transform on L? and the fact 
that MiT a fr(p = TiM_ a k0 = e 2make M_ a f : Ti(p, that Q((p, l,a) is a Gabor frame when- 
ever Q(<p,a, 1) is. The characterization of the modulation spaces by Gabor frame 
is summarized in the following proposition. We refer to [9j Chapter 9] for a detail 
treatment of Gabor frames in the context of the modulation spaces. In particular, the 
next result is proved in J9j Theorem 7.5.3] and describe precisely when the Gaussian 
function generates a Gabor frame on L? . 
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Proposition 2.2. Q((p,a, 1) is a Gabor frame for L 2 if and only ifO < a < 1. In this 
case, G(<p, a, 1) is also a Banach frame for Aifg for all 1 < p,q < oo, and s, t G R. 

Moreover, f G */ anc ^ on ^/ */ ^ere exists a sequence {ck/}k,eez d £ $t s x 

siic/i t/iat / = £gZd Ck/fk,e with convergence in the modulation space norm. In 
addition, 

\\f\\ M ™ x Mlf* : = ( ( E MMk) p ) v s (£) q ) ■ 



3. Dilation properties of weighted modulation spaces 
We first consider the polynomial weights in the time variables Vt(x) = (x)* = 

(l + |x| 2 ) t//2 , tel. 

Theorem 3.1. Let 1 < p, q < oo, tel. Then the following are true: 
(1) There exists a constant C > such that Wf G Ai P q, A > 1, 
(3.1) 

C-i A ^^)min{l, A"*} < ||MU- < CA dMl(p ' 9) max{l, A - *} ||/||^. 

(%) There exists a constant C > sitc/i t/iat V/ G .M^ q, < A < 1, 
(3.2) 

C- 1 A d ^min{l, A-*} ll/H^. < UMI^. < CX^rnax{l, A~*} \\f\Uj. 

Proof. We shall only prove the upper halves of each of the estimates ( 13. ip and f 13 . 2 j) . 
The lower halves will follow from the fact that < A < 1 if and only if 1/A > 1 and 
f = U x Uy x f = U 1/x U x f. 

We first consider the case A > 1. Recall the definition of the dilation operator U\ 
given by U x f(x) = /(Ax). Since the mapping / i-> (•)*/ is an homeomorphism from 
M^ 9 S to M-t^Lts, t,to,s G R, see, e.g., [T6l Corollary 2.3], we have: 

II^a/IU-x||(.)^ a /||^. 

Using (-YUxf = U\((\~ 1 -) t )f and the dilation properties for unweighted modulation 
spaces in [Tl"| Theorem 3.1], we obtain 

II^A«A- 1 ->V)il^i— < CA^^IKA- 1 -}*/!^,,, x A^^||(-}-*(A- 1 -}*((-)V)ll^. 

Hence, it remains to prove that the pseudodifferential operator with symbol g^' x \x) := 
(x)~ t (\~ 1 x) t is bounded on A4 p ' q , and that its norm is bounded above by max{l, A~*}. 
By [HI Theorem 14.5.2], this will follow once we prove that '"^(a?) Ha-I 00 - 1 i$ max{l, A - *}. 
To see this, observe first that 

(3.3) \g [t ' X) (x)\ < max{l, A - *}, Vx G M. d . 

Indeed, let v^' x \x) = (\~ 1 x) t . Consider the case t > 0. Since A > 1, we have 
A _1 |x| < |x| and v^ t,x \x) < (x)*. 

Analogously, for t < 0, we have v^' x '(x) < A _t (x)*. Consequently, we get the 
desired estimates ( 13. 3p . 
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Using the inclusion C d+1 (R d ) M> M 00 ' 1 ^) we have 

\\g (t ' X \x)\\ M ^ < sup sup\d a g^ x \x)\. 

\a\<d+l x£R d 

By Leibniz' formula, the estimate \d^(xY\ < (x)' - '^' and ( 13. 3ft we see that this last 
expression is estimated by max{l, A - *}. 

This concludes the proof of the upper half of (13. ip . 

We now consider the case < A < 1. Observe that by [H] we have 

\\Ux((\- x -) l f)\\M>* < cx^^ux-'-YfWM^ x a^^||(-)-'(a- 1 -) < ((-)V)IU- 

Moreover, one easily shows that (13. 3p still holds using the same arguments along 
with the fact that v^' x \x) = A"*(A 2 + \x\ 2 ) t/2 < X~ t (x) t when t > 0. Similarly, 
< (xY when t < 0. In addition, g^' x \x) = g(~' ,A ^{X^x). Hence, by the 
proof of (13. ip and [14, Theorem 3.1], we see that 

ll<7 (t,A) llA*».i < |b M ' A_1) 11^,1 <max{l,A-'}. 
This establishes the upper half of (13.21) . □ 
We now consider the polynomial weights in the frequency variables v s (u) = (oo) s , 

seR. 

Theorem 3.2. Let 1 < p,q < oo, s£l. Then the following are true: 
(1) There exists a constant C > such that V/ G -Mg'f, A > 1, 

(3.4) C- 1 A**<M>min{l,A'} < \\fx\\ M ™ < CX d ^ max{l, A s } ||/||^. 
f.2) T/iere exzsfo a constant C > snc/i £/ia£ V/ G Al^I, < A < 1, 

(3.5) C- 1 A^^min{l,A s } ||/|| Mg . < ||M|^ < CA rf ^ max{l, A s } ||/||^g ;f . 



Proof. Here we use the fact that the mapping / i— > (D) s f is an homeomorphism from 
M?J to M p t 'J _ s , t,s,s G R (see [MJ Corollary 2.3]). The rest of the proof uses 
similar arguments as those in Theorem 13.11 □ 

The next result follows immediately by combining the last two theorems. 

Corollary 3.3. Let 1 < p, q < oo, i,s el. Then the following are true: 

(1) There exists a constant C > such that Wf G -Mff, A > 1, 

C- 1 X d ^mm{l,X- t }mm{l,X s }\\f\\ Mt ,j < ||/ A || M?f 

< CX d>Ml{p ' q) max{l, A"'} max{l, A s } 

(2) There exists a constant C > siic/i i/iai V/ G -M^, < A < 1, 
C- 1 A^^)min{l J A-*}iniii{l ) A'}||/|| A4? . < ||MU- 

< CA^ 2(P ' 9) max{l, A - *} max{l, A s } \\j \\ Mr: . 



The following result is an analogue of Corollary 13.31 for modulation spaces defined 
by non-separable polynomial growing weight function such as v s (x,cj) := ((x, u)) s = 
(l + |d 2 + U 2 W 2 . 



DILATION PROPERTIES FOR WEIGHTED MODULATION SPACES 



7 



Theorem 3.4. Let 1 < p, q < oo, s£l. Then the following are true: 

(1) There exists a constant C > such that V/ £ -M p ' q , A > 1, 
(3.6) 

C^X d ^mm{X- s , X s } \\f\\ M ,, < \\f x \\ M ™ < CX d ^ max{A-*, X s } \\f\\ M P,«. 

(2) There exists a constant C > such that V/ £ M p ' q , < A < 1, 
(3.7) 

C -iX d ^mm{X- s , X s } \\f\\ M P,« < \\h\\ M P, < CX d ^ max{A- s , X s } \\f\\ M P,«. 

Proof. We assume s > 0. A duality argument can be used to complete the proof 
when s < 0. (Notice, this duality argument will be given explicitly below in the 
proof of the sharpness of Theorem 13. II in the case (l/p,l/q) £ J 2 , t > 0). 

Moreover, since the result has been proved in [HI Theorem 3.1] for s — 0, one can 
use interpolation arguments along with Lemma 12.11 to reduce the proof when s is an 
even integer. 

The mapping / i— > (x, D) s f is an homeomorphism from to Ai p,q , s £ M. (see 

[TBI Theorem 2.2]). Hence 

II/aIIm^ 9 x \\(B,D)'f x \\M*>* 

= ||[/ a ((A- 1 o;,A j D}7)||m- 
<c (x d ^\\(X- 1 x,XD) s f\\ MP , q , A> 1 

- Ia^^ika-^ad) 3 /!!^,,, o<a<i, 

where in the last inequality we used again the dilation properties for unweighted 
modulation spaces of [TU Theorem 3.1]. Therefore, writing / = (x, D)~ s (x, D) s f we 
see that it suffices to prove that the pseudo differential operator 

(X^x^DyixiD)- 3 

is bounded on M p,q , and its norm is bounded above by max{l, A~ s } max{l, A s } = 
max{A s , A _s }. To this end, we observe that, if s is an even integer, (A _1 a;, XD) S is a 
finite sum of operators of the form X k x a D@, with \k\ < s and \a\ + \/3\ < s. Now, 
Shubin's pseudo-differential calculus [13] shows that the operators x a D^(x, D)~ s have 
bounded symbols, together with all their derivatives, so that they are bounded on 
Ai p,q . The proof is completed by taking into account the additional factor X k . □ 

Finally, it is relatively straightforward to give optimal estimates for the dilation 
operator U\ on the Wiener amalgam spaces W(J 7 Lf , L q t ). These spaces are images of 
modulation spaces under Fourier transform, that is J- 'M.™ = W^FL^, L q ). It is also 
worth noticing that the indices \i\ and \ii obey the following relations, 

Pity, Q') = -1 - /^(p, q), fMity, q) = -1 - fiity q) whenever ± + i = ± + i = l. 

Using the above relations along with the definition of the Wiener amalgam spaces, as 
well as the behavior of the Fourier transform under dilation, i.e., f\ = \~ d (f)±. and 
Corollary 13.31 we obtain the following result 
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Proposition 3.5. Let 1 < p, q < oo, t, s £ R. Then the following are true: 
(1) There exists a constant C > such that V/ £ VF(J-Xf, Lf), A > 1, 

C*-^( P V) min{1; A *}min{l,A-*} < ||Mlw(^,Lf) 

< C*A d ^'W{l, A'}max{l, A"*} ||/|U (Wf) . 
(%) T/iere exists a constant C > suc/t £/ta£ V/ £ W{FW S , L q t ), A < 1, 

c -i A ^( P 'V) min{1; A t }min{1;A - } ii/n^^ < ||M| w( ^ ?ii?) 

< CA d ^'W{l,A<}max{l,A- s } U/IU^g,. 

4. Sharpness of Theorems 13.11 and 13.21 

In this section we prove the sharpness of Theorems 13.11 and 13.21 The sharpness of 
Theorem 13.41 is proved by modifying the examples constructed in the next subsection. 
Therefore we omit it. But we first prove some preliminary lemmas in which we 
construct functions that achieve the optimal bound. 

4.1. Preliminary Estimates. The next two lemmas involve estimates for the mod- 
ulation space norms of various modifications of the Gaussian. Together with Lem- 
mas I4.3H4.51 they provide examples of functions that achieve the optimal bound 
under the dilation operator on weighted modulation spaces with weight on the space 
parameter. Similar constructions for weighted modulation spaces with weight on the 
frequency parameter are contained in Lemmas I4.6H4.1Q] Finally, in Lemma 14.111 we 
investigated the property of the dilation operator on compactly supported functions. 
Recall that (f(x) = e~ w ^ for x £ R. d , and that (f\(x) = U\(p(x) = (p(\x). 

Lemma 4.1. Fort,s > 0, we have 

(4.1) \\<P\\\M>jg ~ 0<A<1, 

(4-2) IMm-xA^M), A>1, 

(4.3) \\<Px\\m™ x \~p, < A < 1, 
and 

(4.4) \\<Px\\ M tf xA-< x -5) +s , A>1. 

Proof. We shall only prove the first two estimates, as the last two are proved similarly. 
By some straightforward computations, (see, e.g., P Lemma 1.5.2]) we get 

(4.5) \Vp<p x {x,u)\ = (A 2 + lj-fe-^^V 7 ^ 1 " 12 . 
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p 



If < A < 1, then 

A-*|x| f / 2 < (4±±|x| 2 )' /2 < (1 + ^\x\ 2 f 2 < 2A~'(1 + \x\ 2 ) 1 ' 2 . 



Thus, we have 



/ \ i/p 

x ~ i ~ {L e ^ x? ^^ x)ptdx ) ° <a - 1 ' 



and the estimate fl4.ll) follows. 

Now, observe that, if A > 1, then (*§px) x ( x ) and (O follows. □ 

Lemma 4.2. Fort < 0, A > 1, consider the family of functions 

(4.6) /(aO = A-V(z-Aei), ei = (1, 0, 0, . . . , 0). 

T/ien there exists a constant C > snc/i i/jai < C, uniformly with respect to 

A. Moreover, 

(4.7) II/aIU->a-* + ^, VA>1. 

Proof. We have 

II/IIK; 9 x ll^/^^)^)*!!^ 9 = A~*||V^(x- Ae!,o;)(a;)*||iP, 9 

= \- t \\V v <p(x,u)(x + Aei)*|| LP ,« < A-*A*||y^(^)~*IU^ ^ 1- 

The last inequality follows from the fact that the weight (•}* is (-)"*- moderate which 
implies that (a; + Aei)* < X t (x)~ t . This proves the first part of the Lemma. Let us 
now estimate HAHA-if 9 from below. We have 

fx(x) = A~Va(^ - ei). 
Hence, by arguing as above and using (14. 5ft . we have 



> A-*A^- 1J / e^H a (x + e^'dx > A-^i- 1 ', 



which concludes the proof. □ 
Lemma 4.3. Let 1 < p,q < oo, e > 0, t G R, and A > 1. Moreover, assume that 

(l/ P ,l/q)el* 1 . 

a )Ift>®, define 

f(x) = \t\~ d/p ~ e e 2wiX ~ ltx v(x) = \t\~ d,p ~ e M x - H ^(x), in S'{R d ). 
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Then there exists a constant C > such that \\f\\M%'$ — C> uniformly with respect to 
A. Moreover, 

(4.8) \\h\\ Mt , >\- d/p ~% VA>1. 
b) Ift < define 

f(x) = |^r d/p_e "V(^ -k) = J2 Ikl^'^TMx), in S'(R d ). 

Then there exists a constant C > such that \\f\\M^ q — C, uniformly with respect to 
A. Moreover, 

(4.9) \\f x \\ M p, > X-^-t-t, VA>1. 

Proof. We only prove part a) as part b) is obtained similarly. We use Proposition 12.21 
to prove that / defined in the lemma belongs to j\A v t 'J. Indeed, Q(^p, 1, A -1 ) is a Gabor 
frame, and the coefficients of / in this frame are given by c/-/ = <5fc,o|^|~ d//p-e ii £ ^ 
and co,o = 0. It is clear that 

1Mb = E E i^toh = E \A q{ - d/p - e) ) < oo, 

because q/p > 1. Thus, / G ■Mf o with uniform norm (with respect to A). 
Given A > 1, we have 

\\h\\ M >* = SUp |(/A^)|>|k||- 2 pW |(/A^)|. 
IIqII / i=l Jvl -t,o 

Using relation (14.5)) . 

-7r|£| 2 

(fxM = E w d/p - e v^j) = w d/p ~ e ^ + A 2 r d/2 ew. 

Therefore, if A > 1, 

-tt|1| 2 

\\fx\\ M ™ >Cj2\t\- d/p -^ + A 2 )- d / 2 eWT 

-tt\£\ 2 

> CA- d ^|£r d/p ~ £ e a 2 +i 

> c\- d \*\~ d/p ~ e e a2+i 

0<|<?|<A 

> CA- d A~ d/p - e ^ e - * 

0<K|<A 

> C\- d \- d/p - e e-*\ d = C\- d/p+e , 

from which the proof follows. □ 
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The next results extend [T4"| Lemma 3.9] and [HI Lemma 3.10 ]. 

Lemma 4.4. Let 1 < p, q < oo, t > 0, e > 0. Suppose that ip G 5(IR a! ) satisfy 
supp?/; C [-1/2, l/2] d andi) = l on [-1/4, l/4] d . 
a>) If 1 < <? < °°j define 

(4.10) /(j/)= E |fc|-f- e -*M fc T^(t/), m<S'(R d ). 

fcGZ d \{0} 

T/jen, / G M p t $(M d ) and 

(4.H) IIMU- > \- d{ l- l ^-\ V < A < 1. 

b) If q — oo, let 

(4.12) /(</) = E Ifel^MfcTfcV^), in S' 



TTien / G and 
(4.13) 



W/xWm^ > A-T-*, V0<A<1. 



Proof. We only prove part a), i.e., the case 1 < q < oo as the case q = oo is proved 
in a similar fashion. 

Let g G 5(M d ) satisfy supp g C [—1/8, l/8] d , and \g\ > 1 on [-2,2] d . The proof of 
each part of the Lemma is based on the appropriate estimate for V g f. 
Let us first show that / G M^(R d ). We have 

f e -^- k H{y-k)g{y-x)dy 



*KV ~ k)g{v -x){(l + \u- k\ 2 )-\l - A y ) d e- 2 ^-^} dy 



1 



< 



(1 + \co-k\ 2 ) d 
C 



E d^(T^)(y)(d^g)(x-y)e- 2 ^- k ^dy 



\Pi+P 2 \<2d 



|/3 1 +/3 2 |<2o! 



Hence 

U$ x ll^/IUf; « 

£1*1 

(4.14) ' 

<c([ ($>-' 



I e - 2,Ki ^- k)y ijj{y-k)g{y-x)dy 



(x) tp dx ) du 



-e-t 



1 



(1 + \u-k\ 2 ) d 



E 111^^)1 H^Nlkf) 9 ^) 3 - 



|/3l+ft|<2c( 
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Using Young's inequality: \\\T k (d^)\ * \d^g\\\ L P < \\T k d^\\ Ll \\d^g\\ L P, and the 
estimate \\T k d Pl ip\\ L i < (A;)*||9^ 1 V'|Uj, we can control flTOj) by 



(4.15) 



C 



> d Wo 



1 

(l + \u-k\ 



2\d 



du 



< C [E Ei*r«- 



i 



(1 + |w- k\ 2 ) 



du 



1-^-6 
<3 



1 



<2\ 77 



1 



c ifcr" e * 



(1 + 1*1 



2\d 



< OO, 



since {|fc| i £ } fc ^ € I 9 . 

Next, we prove (14. lip . Since V^/a^j^) = A~ d V^ ^/(As, A _1 u;), we obtain 



II^/a||l^ 



|V^ A _ 1 /(x,a;)| p (A- 1 x) pt da;) du; 



Observe that 



(\-\x + £)) > \- L (\- L e) > (A 



, -1/ 



and supp #((■ - x)/\) C £ + [-1/4, l/4] d , for aU < A < 1, x E £ + [-1/8, l/8] d . 
Since supp^(- - k) C k + [-1/2, l/2] d and ^(t - k) = 1 if t e k + [-1/4, l/4] d , the 
inner integral can be estimated as follows: 



v 



> 



■d/q—e — t 



2M"-k)y^( y _ k)g^— -) dy " (y x x) vt dx ) P 



m ■/<+[-l/8,l/8]" fc ^ 



£^0 



> \^{\i\"- e \ A A9{-K^ - m v y ■ 
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V^Jix^^xY'dx) du 



/ 

V 



^(|€|-|- e A d - t |^(-A(a;-€))|)') 5 d W 

^0 



|w|<l 



\ 



/ 



> A * 



/ 

7|w|<l V 1 

= A-^(^(|C^)f >A^Af-(£)*>A- 



P 9 



which completes the proof. 



□ 



Lemma 4.5. Let 1 < p, q < oo be such that 1/g) G J 3 . Let e > 0, t < 0, and 
< A < 1. 
a )Ift< —d define 

d_2d , e 

(4.16) /(x) = A? p +M ]T |A;|-2T A2 ^(a;), in 5'(R d ). 

T/ien i/iere exists a constant C > snc/i t/iat ||/||A^f ,J < C, uniformly with respect to 
A. Moreover, 

(4.17) II/aIU- > A^ 2 ^ +e , V0<A<1. 

6j If —d < t < 0, choose a positive integer N large enough such that < — ||. 



Define 
(4.18) 



Then the conclusions of part a) still hold. 

Proof, a) For the range of p, q being considered, - q + 2c? — y = dn 2 (p, q) + 2d > 0, 



and so if A < 1, then A<? p < 1. 
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Next, notice that G{<p, A 2 , 1) is a Gabor frame. So, to check that / 6 M-to we om y 

need to verify that the sequence c = {c^} = {|fc|~2^ 0) 7^ 0}k,tez d e ^to- But, the 
condition t < —d guarantees this, since 

|| c ||^, = A^ +M "7 f ^ |A;|-^ 2 (1 + \k\Y /2 ) < C^- 
Next, as in the proof of Lemma 14. 3[ we have 

\\h\\M*s= SU P \(h>9)\ ^ IMItIwK/a,^)!- 

-t,0 

In this case, 

~7rA 2 |fc| 2 

(/a; = X 2d+d ^ M \k\~ e/2 V v (px{Xk, 0) = \ 2d + d ^M ^ \k\- t/2 {l+X 2 )~ d/2 e^^- 
Therefore, if A < 1, 

-7rA 2 |fc| 2 

\\f\\\ M ?§ > CX 2d+d ^ M l^r e/2 (l + A 2 )- d/2 e^T^ 

> Q^2d+dna(p,q) \k\~ e/2 > C -\ 2d + d ^M |^r e/2 

which completes the proof of part a). 

b) If p > 1, the assumptions —d < t < and 4 < — || are sufficient to prove 
that / G .Mf o- In addition, the main estimate is that 

||/a||a<*« > C7A d/ ^|A;| d( ^~ 1) "^(l + A 2 )- d/2 e ^+1 



, 2 e 

> CX d/q Y \k\ Np ~ N > CX d ^ M+e . 



0<|fc|<pv 



□ 

We now state results similar to the above lemmas when the weight is in the fre- 
quency variable. 

Lemma 4.6. For s < 0, < A < 1, consider the family of functions 

(4.19) f(x) = A s M A -i ei <^(x), e x = (1, 0, 0, . . . , 0). 

Then there exists a constant C > such that \\f\\Mf ,q — C, uniformly with respect to 
A. Moreover, 



(4.20) \\fx\\ M ™>* S ~K V0<A<1 
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Proof. We have 

x \\ v <pf{ x 7u)(u) 8 \\jj,,<i = A s ||V^(x,u; - A _1 ei)(w) s || LP ,, 

= \ s \\V^{x 1 u)(uj + \- l e l Y\\ LP , q < \ a \-'\\V v <p(u)-\\»« < 1, 

where we have used again the fact that the weight (-) s is (-)~ s -moderate. Thus the 
functions / have norms in A4q' 9 s uniformly bounded with respect to A. Let us now 
estimate ||/a||a^P' 9 from below. We have 

f x (x) = X s M eiVx (x). 

By using (14.51) . we obtain 

II/a||a«'« = \ 8 \\V v ipx(x,u - ei)(u) s \\ LP , q 



> ^ ( J e~^ 2 (co + e.rdcA q > \ s -i 



as desired. □ 

Lemma 4.7. Let 1 < p,q < oo be such that (l/p,l/q) e J|. Assume that s < 0, 
e > and A > 1 . 

a) If Q>2 and s < 0, or 1 < q <2 and s < —d, define 

f(x) = l^-^e^-^Mx) = E \^' 1] ~ e M x -^(x), m S'(R d ). 

Then there exists a constant C > such that \\f\\M% q — C> uniformly with respect to 
A. Moreover, 

(4-21) IIMIm- > A d( H)-, VA>1. 

b) If 1 < q < 2 and —d < s < 0, choose a positive integer N such that < —^r, and 
define 

f( x ) = J2 l^'i-^^^e^-^Xx) = \£\ di ^~ 1] ' e/N M x - N ^(x), in S'(R d ). 
Then the conclusions of part a) still hold. 

Proof, a) First of all notice that G(ip, 1, A" 1 ) is a frame. In addition, q > 2 is equiva- 
lent to l/q- 1 < -1/q. Thus, for all s < 0, {\£\ d( - l ' q -^- t , £ ^ 0} e £J, which ensures 
that the function / defined above belongs to -Mq's- This is also true when 1 < q < 2 
and s < —d. 

To prove (14.2 ip we follow the proof of Lemma 14.31 In particular, we have 

i -tt|1| 2 -k\1\ 2 

\\h\\ M l>l > C^\£\ d ^- l) -\l + A 2 )- d/2 e^TT > c\- d \£\ d(1/q - iye e^T , 

i^O 0<|£|<A 

from which (14.21 j) follows. 
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b) In this case, Q((p,l, \~ N ) is a frame. Moreover, the choice of iV insures that 
d(l/(Nq) — 1) + s < —d which is enough to prove that / G M.™, and that < 
C. Relation ( 14.2 ip now follows from 

1 -■w\- 2N+2 \l\ 2 

ii/aIIa^- > cj2 \i\ d{ -«- 1] - e/N (i + \ 2 r d/2 e ^ 

i -Tr\- 2N + 2 \e\ 2 
>C\- d \ £ f^'^e > C\<- l) -\ 

0<\£\<\ N 

□ 

The next lemma is proved similarly to Lemma 14.41 so we omit its proof. 

Lemma 4.8. Let 1 < p, q < oo, s < 0, e > 0. Suppose that ip G iS(R d ) satisfies 
supp^ C [-1/2, l/2] d and ip = 1 on [-1/4, l/4] d . 

a) If 1 < q < oo, define f(y) = Y.kez d \{o} \ k \ 9 * s M k T k ip(y), in S'(R d ). Then, 
f G -M^M and 

(4.22) IIMImS;! > A- d( i-^ )+e+s , V < A < 1. 

b) If q — oo, let 

(4.23) /(y) = ]T \k\- s e 2 ^T k ^(y), in S'(R d ). 
TTien / G -Mq'!? and 

(4.24) IIMLc- > A" - +s , V0<A<1. 



Lemma 4.9. Let 1 < p, q < oo be such that (1/p, 1/q) G 1%. Let e > 0, s > and 
< A < 1. Assume that p > 1, and choose a positive integer N such that -k < - 



p-i 



Define 

(4.25) f(x) = \k\ di ^~ iyf T xNkV {x), tn S'(R d ). 

Then, there exists a constant C > such that \\f\\M p ' q — C, uniformly with respect 
to X. Moreover, 

II/aIU§ : i > x d ^ +e . 

Proof. In this case, Q(cp, X N ,1) is a frame. The condition ~ < is equivalent to 

d( — -l)- — 

jj- — 1 < — - which is enough to show that n p N }k^o G t v . Therefore, 
/ G -Mq^ with ||/||>ig.« < C where C is a universal constant. The rest of the proof 
is an adaptation of the proof of Lemma 14.51 □ 

Notice that, the previous lemma excludes the case p = 1. We prove this last case 
by considering the dual case. Observe that the case (l/oo, l/oo) G J*n/| was already 
considered in dealing with the region I*. 
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Lemma 4.10. Let 1 < q < oo be such that (l/oo, 1/q) G Let e > 0, s < and 
A>1. 

a) If 1 < q < 2 , choose a positive integer N such that jr < q — 1. Define 

(4.26) f(x) = \* 1 ~* ) ^\e\^~ 1) ~%M x -» t (p(x), mS'{R d ). 

Then there exists a constant C > such that \\f\\M p -% — C, uniformly with respect to 
A. Moreover, 

\\h\\M~« > A« e . 

b) If 2 < q < oo, choose a positive integer N such that N > 2 + q. Define 

, d(2-N) JV-1 _e_ 

(4.27) /(a;) = A + <? { N i ] ~ N M x -n iV {x), in S'{R d ). 

Then the conclusions of part a) still hold. 

c ) If Q = 1 an d s < ~d, define 

(4.28) f{x) = \£\-2M x - H <p{x), in S'(R d ). 

Then there exists a constant C > such that \\f\\ M oa,i < C , uniformly with respect 
to A. Moreover, 

II/aIIjk^i > ^ d ~ e - 

d) If q = 1 and —d < s < 0, choose a positive integer N such that < Define 

(4.29) /(x) = J2 {el^-V-* M x -» t <p(x), m S'{R d ). 
Then the conclusions of part c ) still hold. 

Proof, a) In this case, G(<f, 1, A _JV ) is a frame. The hypotheses 1 < q < 2 and 

A > 1 imply that A 9 < 1. In addition, the condition < g — 1 is equivalent 

to — 1 < — - which is enough to show that {\£\ d< ~ n q~ 1 ' ) ~ N }^ G ^- Therefore, 
/gAC/ with H/ll ^00,5 < C* where C is a universal constant. The rest of the proof 
is an adaptation of the proof of Lemma 14.51 

b) Assume that 2 < q < 00. The proof is similar to the above with the following 

d , l+ 2-N 

differences: N > q+2 and A > 1 imply that A 1 < 1. In addition, the condition 

q > 2 implies that - 1 < -±. This is enough to show that {|£| 1 ^ ; Jv e 
Therefore, / G -M^' 9 with < C where C is a universal constant. 

c) In this case, G(f, 1, A -2 ) is a frame. The fact that s < —d implies that {|£| _ 2}^ g 

Therefore, / G with H/H^^.i < C where C is a universal constant. The 

rest of the proof is an adaptation of the proof of Lemma 14.51 
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d) In this case, G(<p, 1, X~ N ) is a frame. The fact that — d < s < and the choice 
of N imply that - 1) + s < -d. Therefore {\£\ d{ ^~ 1] ~^}e^ e i\. Therefore, 

/eC with 11/11 

^00,1 < C where C is a universal constant. The rest of the proof 
is an adaptation of the proof of Lemma 14.51 

□ 

We finish this subsection by proving lower bound estimates for the dilation of func- 
tions that are compactly supported either in the time or in the frequency variables. 

Lemma 4.11. Let u G <S(R d ) ; A G (0, oo) and 1 < p, q < oo. 

(i) If u is supported in a compact set K C R , then, for every t G R ; and A > 1 

(4.30) \\ux\\ M ™> A-^-iVinf^A-*}. 

(m,) 7/w zs supported in a compact set K C R d , i/ien, /or every sel, and A < 1 

(4.31) IKUmS;' > CA-f min{l,A s }. 

Proof. We use the dilation properties for the Sobolev spaces (Bessel potential spaces) 
Hf(R d ) (see, e.g., p2J Proposition 3]): 

C~ 1 X~p min{l, A s }||w|| h p < U^aHa? < CX~p max{l, A s }||m|| h p, 1 < p < oo, s > 0. 
(i) Let m be supported in a compact set K C R d , we have u G Af p ' 9 ^>iiG J-X 9 , and 

(4.32) C^WuWmp^ < \\u\\ FLq < C K \\u\\ MP , q , 

where Ck > depends only on K (see, e.g., [HI EI])- Hence, if A > 1, 

IKIIa^j x HOVxIIa^ x ||0* u a||.fm x || .F~Va) || H 9 = A _d ||(J r_1 M) A -i||^ 

(ii) Now let u be supported in a compact set K C R d . We have w G A^' 9 w G L p , 
and 

where Ck > depends only on K (again, see, e.g., (8]). Arguing as in part (i) above 
with < A < 1, 

_ i 

r\ u A\Ml] q s x \\(D) s u\\\ M p, q x \\(D) s u x \\lv x \\u\\\ H p > CX p min{l, A s }||m||^p 
and the proof is completed. □ 

4.2. Sharpness of Theorems 13.11 and 13.21 We are now in position to state and 
prove the sharpness of the results obtained in Section [3j In particular, Theorem 13.11 
is optimal in the following sense: 

Theorem 4.12. Let 1 < p, q < oo. 

(A) If t > then the following statements hold: 

Assume that there exist constants C > 0, and a, j3 G R such that 

(4.33) C^A^II/IIj^^II^/IIa^^CAI/II^ V/G.M^ and A>1, 
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then, a > dfii(p, q), and (3 < dfi 2 (p, q) — t. 

Assume that there exist constants C > 0, and a, (3 £ K such that 

(4.34) C- 1 A-||/||^ f;(? < H^a/II^-- < CA^||/||^ f;(? VfeM™ and < A < 1, 

then, a > <i/ii(p, q), and (3 < dfi 2 (p, q) — t. 

(B) If t < then the following statements hold: 

Assume that there exist constants C > 0, and a, (3 £ M such that 

(4.35) C- 1 XeyWu*. < \\UJ\\ MPt ,<CX a \\f\\ MPt , VfeM™ and A>1, 
then, a > dfiiip, q) — t, and (3 < dfi 2 (p, <?)• 

Assume that there exist constants C > 0, and a, (3 £ E such that 

(4.36) C- 1 \ a \\f\\ M ™ < \\U x f\\ M ™<C\P\\f\\ M ™ VfeM™ and < A < 1, 
then, a > d^i{p, q) — t, and (3 < dfi 2 (p, q). 

Proof. It will be enough to prove the upper half of each of the estimates, as the lower 
halves will follow from the fact that / = U\U\/\f . Moreover, the proof relies on 
analyzing the examples provided by the previous lemmas, and by considering several 
cases. 

Case 1: (1/p, l/q) £ I|, t > 0. In this case we have A > 1 and fii(p,q) = 
1/q — l. Substitute f(x) = f{x) = e -71 ' 1 '' in the upper half estimates (14.331) and use 
Lemma [4. II to obtain 

x-dd-m < ii^n^ < c\ a y\\ M r :S , 

for all A > 1. This immediately implies that a > —d(l — l/q) = dfii(p,q). 

Case 2: (l/p, l/q) £ I 2 , t < 0. This is the dual case to the previous case and can 
be handled as follows. In this case we have A < 1 and ^{PiQ) — l/<? ~~ 1- Assume 
that the upper-half estimate in (I4.36P holds. Notice that (1/p, l/q) £ h if and only 
if (1 /p\ 1 /q') £ J|, and that A < 1 if and only if 1/A > 1. 

H/i/a|| m pV = BupK/i /A ,</)| = \ d sup | (/, g x ) | < ^Il/H^p'v sup \\g\\\ M ™ 
< A^||/||^sup||^||^, 
where the supremum is taken over all g £ «S and H^llxf^ = lj hence, 

\\fi/\\\ M p', q ' < 11/11 »,,?',?'• 

Jvl -t,0 Jvl -t,0 

Thus from Case 1 above, — (3 — d > d[ii(p', q') = d/q' — d. Hence, (3 < dfi 2 (p, q). 

Case 3: (l/p,l/q) £ 7 3 , t > 0. In this case we have A < 1 and fi 2 (p,q) = 
—2/p+ l/q. First assume that 1 < q < oo and that the upper-half estimate in (14.351) 
holds for all / £ M.™ and < A < 1, but that (3 > dfi 2 (p, q) — t. Then there is e > 
such that (3 > dfi 2 (p, q) —t + e. For this choice of e > 0, we construct a function / as 
in (I4.10p of Lemma [4.41 such that: 

A 4«<M)-t+« < || /a || MP; , < cxf\\f\\^ 

for some C > and all < A < 1. This leads to a contradiction on the choice of e. 
When q = oo the function given by (I4.12p of Lemma 14.41 gives the optimal bound. 
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Case 4: (l/p,l/q) G t < 0. In this case, A > 1, and fii(p,q) = —2/p + 1/q. 
This is the dual of Case 3, and a duality argument similar to the used in Case 2 above 
gives the result. 

Case 5: (1/p, 1/q) G I*, t < 0. In this case, A > 1, and (ii(p,q) = — 1/p. Assume 
that the upper-half estimate in (14.351) holds and that a < dfii(p, q) —t. Then, choose 
e > and construct a function / as in part b) of Lemma 14.31 A contradiction 
immediately follows. 

Case 6: (1/p, 1/q) G ii, t > 0. In this case A < 1, and fi 2 (p,q) = — 1/p- This is 
the dual of Case 5. 

Case 7: (1/p, 1/q) G /*, t > 0. In this case A > 1, and Hi(p,q) = Assume 
that the upper-half estimate in (14.331) holds for all / G M.™ and A > 1, but that 
a < dfi\(p,q). Then there is e > such that a < dn\(p,q) — e. For this choice of 
e > 0, we can now construct a function / as in Lemma [4.31 part a), such that: 

X d ^^< ||/a|U-<CA q ||/||^ 

for some C > and all A > 1. This leads to a contradiction on the choice of e. 

Case 8: (1/p, 1/q) G Ii, t < 0. In this case A < 1, and ^(p,^) = —1/p- This is 
the dual of Case 7. 

Case 9: (1/p, 1/q) G 1%, t < 0. In this case A > 1, and ^\(p,q) = 1/q - 1. The 
function constructed in Lemma I4T21 leads to the result. 

Case 10: (1/p, 1/q) G I2, t > 0. In this case A < 1, and ^(p,q) = 1/q — 1- This 
is the dual of Case 9. 

Case 11: (1/p, 1/q) G I3, t < 0. In this case A < 1, and fi\(p,q) = — 2/p + 1/q 
and Lemma 14.51 can be used to conclude. 

Case 12: (1/p, 1/q) G J|, t > 0. In this case A > 1, and fi 2 (p, <?) = -2/p + 1/q. 
This is the dual of Case 11. □ 

We next consider the sharpness Theorem 13.21 

Theorem 4.13. Let 1 < p, q < 00. 

(A) If s > then the following statements hold: 

Assume that there exist constants C > 0, and a, (3 G R such that 

(4.37) (T 1 A^||/||^<||17 A /|| K .;<(7A1/|| A 4 S ; V/ G M™ and A > 1, 
then, a > dni(p, q) + s, and [3 < dfi 2 (p, q). 

Assume that there exist constants C > 0, and a, (3 G R such that 

(4.38) C- 1 \ a \\f\\ M ™ < ||f/A/IU-<CA^||/||^ V/6A4S2 and < A < 1, 

then, a > d^i(p, q) + s, and (3 < dfi 2 (p, q). 

(B) If s < then the following statements hold: 

Assume that there exist constants C > 0, and a, (3 G M such that 

(4.39) C-^ll/U^ <\\U x f\\ Mrs <CX a \\f\\ MPo , t VfeM™ and A > 1, 
then, a > dfii(p, q), and (3 < dfi 2 (p, q) + s. 

Assume that there exist constants C > 0, and a, (3 G K such that 

(4.40) C-'X^fllM^KllUxfllM^KCX^lfll^ VfeM™ and < A < 1, 
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then, a > dfii(p, q), and (3 < dfi 2 (p, q) + s. 

Proof. As for the time weights, it is enough to prove the upper half of each estimates. 
Moreover, in what follows we consider only 6 of the 12 cases to be proved, since the 
others are obtained by the same duality argument used in the previous theorem. 

Case 1: (1/p, 1/q) G ii, s > 0. In this case, < A < 1 and P2G , <?) — — 1/P- 
Assume there exist constants C > and G R such that the upper-half estimate 
(I4.38P holds. Taking the Gaussian / = tp as in Lemma H~T1 and using (I4.3p . we have 



for all < A < 1. This gives < —d/p. 

Case 2: (1/p, 1/q) G ii, s < 0. Here A < 1 and we test the upper-half estimate 
flOUj) on the family of functions fT4TT9l . Using P~2"Uj) . we obtain (3 < s - d/p. 

Case 3: (1/p, 1/q) G 1%, s > 0. Here A > 1, [i\(p,q) = 1/q — 1. We assume 
the upper-half estimate (I4.37P and test it on the dilated Gaussian function in (I4.4p . 
obtaining a > d(l/q — 1) + s. 

Case 4: (1/p, 1/q) G 1%, s < 0. Here A > 1, ^\{p,q) = 1/q - 1. We use a 
contradiction argument based on Lemma [4.71 

Case 5: (1/p, 1/q) G -Z3, s > 0. Here A < 1, ^iPil) — — 2/p+l/g. The sharpness 
is obtained by testing the upper-half estimate (I4.38P on the family of functions f\, 
defined in Lemma 14.91 when p > 1 . 

If p = 1 we consider the dual case, that is (l/oo, 1/q) G 1%, s < 0. Here A > 1, 
/xi(oo,g) = 1/q. We use a contradiction argument based on Lemma 14.101 

Case 6: (1/p, 1/q) G ^3, s < 0. Here A < 1, ^2(p,q) = — 2/p+l/g. The sharpness 
is obtained by testing the upper-half estimate f)4.40p on the family of functions fx, 
defined in Lemma [4. 81 



5.1. Applications to dispersive equations. 

5.1.1. Wave equation. Let us first recall the Cauchy problem for the wave equation: 




<P\\\m™ 



□ 



5. Applications 



(5.1) 




with t > 0, x G M. d , d > 1, A x — d%. t + • • • d\ d - The formal solution uit, x) is given by 




= H ao u (x) + H ai (x) 



with, o"o(£) — cos(27ri|£|) and 0i(£) 



sin(27rt|g|) 
2t|£I 
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We recall that H a . i = 0,1, are examples of Fourier multipliers which are defined 

by 

(5.2) HJ(x)= [ ^/(^ 

where a is called the symbol. 

The boundedness of H ai , i = 0, 1 on modulation spaces was proved in [U [3] and in 
[6]. Moreover, some related local- in-time well posedness results for certain nonlinear 
PDEs were also obtained in [3j [6] for initial data in modulation spaces. 

Proposition 5.1. Let set, and 1 < p, q < oo. Then, the solution u(t,x) of (15. ip 
with initial data (uo,u\) G Mq' q s x A4q' q s _ 1 satisfies 

(5.3) \\u(t, -)|U- < C (l + t) d+1 ||«o|U- + Cit(l + ONIa^ 
where Cq and C\ are only functions of the dimension d. 

Proof. It was proved in [I] that cx (O e W^L 1 , L°°) and in [5] that cji(£) G 
W^L 1 , Lf 3 ). In addition, it was shown in [6] that the solution satisfies 



0,s 



< \\H ao Uq\\ M p,9 + ||F CT1 «i||_ M g,g_ i 

< || "o||w(J-L 1 ,L°°)||^o||xg^ + ll cr l||vy(J !: "L 1 ,Lf ) )ll M l||A4^_ 1 

< Co(*)IKIImS;J + cr i(*)IKIlMS;J_ 1 - 

We can now use the results proved in Section [3] to estimate C (t) and Ci(t). More 
specifically, setting <xo(£) = cos |£|, for £ > 0, we can write er (£) = (^o)2nt- Using (13. 5p 
with /ii(oo, 1) = 1, 7x2(005 1) = 0, we have, for every R > 0, 

11 ^ J ^o.flll^illwXFL 1 ,!, 00 )) t<R 

\\{O-0hnt\\w(FL\L?>) S < , ~ I, , > p 



Hence 

C (t) < 



C ,r, 0<t<R 

Cq fit ^ , t ^ -R. 



Setting <7i(£) = ^T|p, for t > 0, we can write = t(cri) 27r t and, for every i? > 0, 

|| (C"l)27rt|| VK^L^Lf) < 

Hence 

Cx(t) < 



Ci.ijIlcillw^i^Lf)) t<R 

Cl,Rt d+1 \\ a l\\w(FLl,L?>), t > R. 



C hR t, 0<t<R 
and the estimate (15.31) becomes 

IK*, OIImw < Co(l + i) d+1 |ko|kg- + C!t(l + t) d+1 lkilU-_ i; t > o. 



□ 
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5.1.2. Vibrating plate equation. Consider now the following Cauchy problem for the 
vibrating plate equation 

(5.4) Uu + Alu = 

\u(0,x) = u (x), d t u(0,x) = Ui(x), 

with t > 0, x G R d , d > 1. The formal solution u(t, x) is given by 

«(*,*)=/ e 2 ^cos(4 7 r 2 t|e| 2 Ko(0^+ / e^ ^ffif h (0 d£, 
and satisfies the following estimate. 

Proposition 5.2. Let s G R, and 1 < p,q < oo. Then, the solution u(t,x) of (15.41) 
wit/i initial data (uq,Ui) G -Mg^ x -Mg's_ 2 satisfies 

(5.5) ||^(*, OIIa^SjJ < Co(l + *)'||wo||A4g ; « + + *)' +1 lkillA^g : j_ a 
where Cq and C\ are only functions of the dimension d. 

Proof. Here the solution is the sum of two Fourier multipliers u = HqUq + H\U\ having 
symbols or (0 = cos(47r 2 t|£| 2 ) G W{?L\L">) (see @]) and a x {t) = ain ^|f ) G 
^(JFL 1 ,^) (see 0). 

Since cr (£) = c os(|^| 2 ) 27rv ^ and 0i(£) = £ ^ S1 "gp - J , using the same arguments 
as for the wave equation we obtain: 

IK*, OHms- < c (i + *)*IMIms : ; + + tf 2+1 \Wi\\M^ i > °- 

□ 



5.2. Embedding of Besov spaces into modulation spaces. We generalize some 
results of (TUj. But first, we recall the inclusion relations between Besov spaces and 
modulation spaces (see [HQ]). Consider the following indices, where /ij, i — 1,2 
were defined in Section [2j 

u x (p, q) = Hi{p, q) + -, zaj(p, q) = fa(p, q) + -■ 
p p 

The following result was proved in [151 Theorem 3.1] and in [TJ Theorem 1.1] 

Theorem 5.3. Let 1 < p, q < oo and s G R. 

(%) J/s > dv 1 {p,q) then B™(R d ) ■=— )■ A4 p,9 (R d ). 
(iij J/s < du 2 (p,q) then M p ' g (R d ) M> J Bf'9(R d ). 

The next results improve those in [TO] Theorem 3.1]. 

Theorem 5.4. Z-et 1 < p < 2. 

(%) I/s > d(l/p - 1/p') andl<q<p then B P ' q <-» M p . 
(ii) If s> d(l/p - 1/p') and 1 < q < oo i/ien Bf'« <^ .M p . 



24 



ELENA CORDERO AND KASSO A. OKOUDJOU* 



Proof, (i) For s > d(l/p-l/p') > vi(p,p) = 0, Theorem EES says that B P ' P A4 P,P . 
However, the inclusion relations for Besov spaces give B P,q > B p,p , for q < p. Hence 
the result follows. 

(ii) If s > d{l/p — l/p') > 0, and q < p, then this is exactly (i) above. If p < q, 
then B p s ' q <—} 5 P ' P A4 P . □ 

The next results improve those in [TOl Theorem 3.2]. 

Theorem 5.5. (i) Let 1 < p < 2, s > 0. T/jen 5^ ^ Al p ' p ', /or a// 1 < g < oo. 

fa) 7/2 < p < oo, s > d(l/p' - l/p), then B p ' q ■=— )■ .M p ' p ', /or a// 1 < g < oo. 

Proof, (i) For 1 < p < 2, ^i(p,p') =0 and using Theorem 15.31 we obtain _B p > p ' 
>l p ' p '. Since S p ^ J B P - P ', for all 1 < q < oo, s > 0, the result follows, 
(ii) If 2 < p < oo, 

p' p p 

Hence, if s > d{l/p' - l/p), Theorem [E3 gives B™' ^ M p ' p ' . If s > d(l/p' - l/p), 
the inclusion relations for Besov spaces give B P ' q > B^R,^ _ x , p y This is easy to see if 
q < p'. On the other hand if q > p' it follows by an application of Holder's inequality 
for £ p spaces. In any case, this concludes the proof. □ 
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